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Abstract. We study the propagation of energy density perturbation in a hot, ideal quark-gluon medium
in which quarks and gluons follow the Tsallis-like momentum distributions. We have observed that a non-
extensive MIT bag equation of state obtained with the help of the quantum Tsallis-like distributions gives
rise to a breaking wave solution of the equation dictating the evolution of energy density perturbation.
However, the breaking of waves is delayed when the value of the Tsallis q parameter and the Tsallis
temperature T are higher.
PACS. PACS-key 21.65.Qr – PACS-key 24.10.Nz
1 Introduction
Studying the evolution of quark-gluon plasma (QGP), a
hot and dense medium created in the high-energy collision
experiments at the LHC, CERN and RHIC, BNL or the
evolution of the high-energy particles passing through it,
has been a subject matter of intense research. To study
the evolution of QGP, which is a short lived medium that
expands very fast, hydrodynamic equations have been em-
ployed for a long time [1,2,3,4,5,6,7]. In addition to the
vigorous change of the background medium, a bunch of
high-energy particles (jets) passing through the bath also
display sufficient modification in their distribution. These
particles are formed much earlier than the formation of
QGP, and if they happen to pass through the medium,
deposit energy inside it. The evolution of their phase-
space distribution has been studied microscopically using
the Fokker-Planck equation [8,9,10,11] or the Boltzmann
transport equation [12,13,14] in many articles.
Apart from the ones mentioned above, there are other
types of studies which have utilized the Boltzmann trans-
port equation [15] or the hydrodynamic equation to inves-
tigate the evolution of the energy density perturbations in
nucleus-nucleus collision [16,17,18,19,20] using, in many
cases, different equations of state inspired from the MIT
bag model, the mean field treatment etc.
Energy density perturbations can originate due to high-
energy particles depositing energy inside the QGP medium.
The initial perturbations generated in QGP propagate
through the medium showing nonlinear features and un-
dergo modification due to medium effects. Now, if the
perturbation does not break, it undergoes particle pro-
duction. Otherwise, it is completely absorbed inside the
bath. For example, when a high energy particle enters
quark-gluon plasma, it produces energy density pertur-
bation which may maintain its shape and is detected as
the same particle. However, a lighter, low energy particle
may not be able to maintain the shape of its perturba-
tion and may be absorbed inside the medium simulating
opaqueness.
Studying nonlinear waves in nuclear matter started
with the derivation of Korteweg de-Vries (KdV) equa-
tion describing the propagation of baryon density pulses
in proton-nucleus collisions [16]. Zero and non-zero tem-
perature QGP is considered in [17] where breaking wave
solution is found using the MIT bag equation of state. This
kind of nonlinear wave structures are also found in [20] for
hot QGP in two spatial dimensions with cylindrical sym-
metry. However, the above calculations were done using
the Boltzmann-Gibbs statistics which does not consider
a fluctuating ambiance that appears in the high energy
nuclear collisions.
Fluctuations of the positions of the nucleons inside the
colliding nuclei may lead to fluctuation in energy density.
Fluctuation inside the medium through which the pertur-
bation travels, impacts the distribution of the particles
which are created after the medium freezes-out. This can
be understood from the studies of the particle spectra orig-
inating from the p-p or Pb-Pb collisions taking place in
high-energy collision experiments. In the analyses of those
data, experimentally obtained particle distributions have
been seen to be describable by the Tsallis-like power law
distributions [21,22,23,24,25,26,27,28,29,30] (also called
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the ‘Tsallis non-extensive distributions’) that arise in a
fluctuating environment [31,32,33,34] which is very well
the case for the QGP medium [35].
In the present study, we examine the evolution of the
energy density perturbation inside a hot QGP medium
with the help of the Euler’s equation in which the Tsallis-
MIT bag equation of state [36,37] has been utilized to
take into account the fluctuating ambiance. We observe
that the non-extensive bag equation of state gives rise to
a breaking wave solution for the first order energy density
perturbation. However, the appearance of the breaking
waves is influenced by the factors like the Tsallis q param-
eter, the Tsallis temperature and the parameters describ-
ing the initial condition. While carrying out our analysis,
we obtain analytical closed form expressions for the Tsal-
lis thermodynamic variables for gases comprising of very
light (massless and almost massless) quantum particles
(Eqs. 9-12). As far as our knowledge goes, these expres-
sions were not used in any other studies, and our finding
is expected to have applications in studies pertaining to
thermodynamics of quantum Tsallis gas.
This article is organized as follows. In the next section,
we describe the mathematical model containing some dis-
cussions about the relativistic Euler’s equation, the con-
servation equation, the non-extensive equation of state,
and the derivation of the thermodynamic variables to be
used in the equation of state. Section 3 contains a detailed
account of the evolution equation and its solution. Section
4 highlights the results, and we summarize as well as con-
clude in Section 5.
2 Mathematical model
Since here we derive the nonlinear evolution equation for
energy density perturbation in hot QGP using Tsallis statis-
tics and relativistic hydrodynamics, we need to evaluate
the required thermodynamic variables and the equation(s)
of state. As the basic dynamical equations of the sys-
tem we use the relativistic Euler’s equation and continuity
equation for entropy density. We consider hot QGP pro-
duced at the LHC, where the baryon number density is
zero at the central rapidity region and evaluate the en-
ergy density and pressure appearing in Euler’s equation
using the Tsallis-MIT bag equations of state.
2.1 Relativistic Euler equation
Throughout this article we will follow the natural units
i.e, c = 1, ~ = 1, kB = 1. As discussed in [17], the correct
description of nonlinear wave structure in QGP including
quantum effects should be given by relativistic hydrody-
namics of colored superfluids which is too complicated and
still in an initial stage. Admitting this fact, we stick to the
classical relativistic hydrodynamics to study the nonlinear
wave structure in hot QGP following Tsallis distribution.
The velocity field is given by, v = v(x, t)xˆ with a mag-
nitude v in the x-direction. We use the one-dimensional
relativistic Euler’s equation [38,39] which is written as,
∂v
∂t
+ v
∂v
∂x
=
v2 − 1
+ P
(
∂P
∂x
+ v
∂P
∂t
)
, (1)
where  ≡ (x, t) is the energy density and P ≡ P (x, t) is
the pressure.
Our calculation will be aimed at quark-gluon plasma
produced at the LHC energies where at the central rapid-
ity region the net baryonic number density is zero, and
hence we encounter vanishing chemical potential. This
leads to the fact that the particle and the anti-particle
distributions are identical.
Now, defining the entropy four-current as sµ = suµ,
where uµ ≡ (γ, γv) is the four-velocity, the continuity
equation for the entropy density s can be derived as (for
details see [17]),
vs
(
∂v
∂t
+ v
∂v
∂x
)
+ (1− v2)
(
∂s
∂t
+ s
∂v
∂x
+ v
∂s
∂x
)
= 0,
(2)
where we have used the Lorentz factor as γ = 1/
√
1− v2.
2.2 Non-extensive MIT bag equation of state
From Eqs. (1) and (2), we observe that we have four un-
known quantities appearing in two equations. Hence, we
require two additional equations which may be provided
by the equations of state. In the present work we con-
sider the non-extensive MIT bag model [36,37] equations
of state which enable us to express the pressure and the en-
tropy density in terms of the energy density. In this model,
quarks and gluons follow the quantum Tsallis fermionic
(‘f ’) and bosonic (‘b’) single particle distributions [40]
given by,
nf =
1[
1 + (q − 1)Ep−µT
] q
q−1
+ 1
nb =
1[
1 + (q − 1)Ep−µT
] q
q−1 − 1
, (3)
where Ep =
√
p2 +m2 is the single particle energy of a
particle of mass m, µ is the chemical potential, q is the
Tsallis parameter, and T is the Tsallis temperature.
Tsallis single particle distributions can be obtained
from the Tsallis entropy defined by [41],
S =
∑
i
pqi − pi
1− q , (4)
where pi are the probabilities of the micro-states. This en-
tropic form is non-additive, i.e. the total entropy of the
system is not a summation of those of its sub-parts. This
situation may appear due non-ideal plasma effects, fluctu-
ation etc [42,43]. Extremizing the Tsallis thermodynamic
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potential with respect to pi one arrives at the expression
for the Tsallis probabilities and the single particle distri-
bution [44]. It is shown in Ref. [44] that the transverse
momentum spectra obtained from the single particle dis-
tribution is expressed in terms of an infinite summation
and the zeroth term coincides with the phenomenological
classical Tsallis distribution widely used in the literature.
The forms of the Tsallis quantum distributions used in
literature are similar to (but not always exactly the same
as) the zeroth order approximated term when one uses the
factorization approximation used in Ref. [40]. In this work
we restrict ourselves within this approximated version of
the Tsallis quantum distribution. We reserve the analysis
with the exact distributions for future.
Assuming an ideal gas of quarks and gluons, we write
down the expressions for the thermodynamic variables like
the net baryonic number density ρB, energy density  and
pressure P .
ρB,bag = ρf − ρ¯f , (5)
bag = B + b + 2f , (6)
Pbag = −B + Pb + 2Pf , (7)
where B is the bag constant which represents the pres-
sure of the vacuum [45], and the subscript ‘b’(‘f ’) signi-
fies the bosonic (fermionic) contribution of the thermo-
dynamic variables. The factor 2 in front of the fermionic
parts lets us consider both particles and anti-particles. Ac-
cording to the bag model, quarks and gluons are assumed
to stay in a spherical cavity (the ‘bag’) in QCD vacuum
and the constant B takes care of the confinement prop-
erty. ρf (ρ¯f ) signifies the particle (anti-particle) number
density and as already mentioned in the previous section,
the net baryonic number at the central rapidity region at
the LHC energies is zero. Hence, we have zero baryonic
chemical potential which leads to ρf = ρ¯f .
For the energy density and pressure, we identify that
the bag variables have contributions from the massless
bosons (gluons) and from the massive (where mass is much
less than temperature) fermions (up and down quarks)
and they can be expressed in terms of nb and nf in the
following way:
i = g
∫
d3p
(2pi)3
Ep ni, Pi = g
∫
d3p
(2pi)3
p2
3Ep
ni, (8)
where g is the degeneracy factor and i = f, b.
2.2.1 Energy density and pressure for massless bosons
The closed analytic expressions of the energy density and
pressure of a non-extensive massless bosonic gas are given
by,
b =
gT 4
2pi2(q − 1)3q
[
3ψ(0)
(
3
q
− 2
)
+ ψ(0)
(
1
q
)
−3ψ(0)
(
2
q
− 1
)
− ψ(0)
(
4
q
− 3
)]
, (9)
Pb =
gT 4
6pi2(q − 1)3q
[
3ψ(0)
(
3
q
− 2
)
+ ψ(0)
(
1
q
)
−3ψ(0)
(
2
q
− 1
)
− ψ(0)
(
4
q
− 3
)]
, (10)
and they are related by b = 3Pb. In Eqs. (9) and (10)
ψ(0) is the digamma function [47]. We defer the detailed
calculations till the appendix of the paper.
2.2.2 Energy density and pressure for massive fermions
We evaluate the fermionic thermodynamic variables up to
O(m2T 2). We consider the plasma to be consisted of the
up and down quarks having masses of 5 to 10 MeV and we
have checked that for a wide range of the q and T param-
eter values appearing in the phenomenological studies of
high-energy collisions, the O(m2T 2) approximation works
very well when the mass of the particle is around 10 MeV.
In some papers it has been suggested that the O(m2T 2)
contribution helps one account for the non-perturbative
effects [46] in QGP. The closed analytic expressions for
the thermodynamic variables for a non-extensive gas of
massive fermions up to O(m2T 2) are given by the follow-
ing equations:
f =
gT 4
2pi2(q − 1)3q
[
3Φ
(
−1, 1, 2
q
− 1
)
−3Φ
(
−1, 1, 3
q
− 2
)
+Φ
(
−1, 1, 4
q
− 3
)
− Φ
(
−1, 1, 1
q
)]
− gm
2T 2
4pi2(q − 1)q
[
Φ
(
−1, 1, 2
q
− 1
)
− Φ
(
−1, 1, 1
q
)]
,
(11)
Pf =
gT 4
6pi2(q − 1)3q
[
3Φ
(
−1, 1, 2
q
− 1
)
−3Φ
(
−1, 1, 3
q
− 2
)
+Φ
(
−1, 1, 4
q
− 3
)
− Φ
(
−1, 1, 1
q
)]
− gm
2T 2
4pi2(q − 1)q
[
Φ
(
−1, 1, 2
q
− 1
)
− Φ
(
−1, 1, 1
q
)]
,
(12)
where Φ is the Lerch’s transcendent [47]. For this section
also, we defer the detailed calculations till the appendix.
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2.2.3 Calculation of bag and Pbag
Using Eqs. (9)-(12), we write down the expressions for
the energy density and pressure in the non-extensive bag
model,
bag(x, t) = B + b,1T 4 + 2(f,1T 4 + f,2m2T 2),
= B + bag,1T 4 + bag,2m2T 2 (13)
Pbag(x, t) = −B + Pb,1T 4 + 2(Pf,1T 4 + Pf,2m2T 2)
= −B + Pbag,1T 4 + Pbag,2m2T 2. (14)
When written out long-hand, i,` and Pi,` (i = f, b;
` = 1, 2) are given by,
b,1 =
g
2pi2(q − 1)3q
[
3ψ(0)
(
3
q
− 2
)
+ ψ(0)
(
1
q
)
−3ψ(0)
(
2
q
− 1
)
− ψ(0)
(
4
q
− 3
)]
, (15)
f,1 =
g
2pi2(q − 1)3q
[
3Φ
(
−1, 1, 2
q
− 1
)
−3Φ
(
−1, 1, 3
q
− 2
)
+ Φ
(
−1, 1, 4
q
− 3
)
−Φ
(
−1, 1, 1
q
)]
, (16)
f,2 = − g
4pi2(q − 1)q
[
Φ
(
−1, 1, 2
q
− 1
)
−Φ
(
−1, 1, 1
q
)]
, (17)
Pb,1 =
b,1
3
, Pf,1 =
f,1
3
, Pf,2 = f,2.
(18)
In terms of the above variables, bag,` and Pbag,` (` = 1, 2)
are given by,
bag,1 = b,1 + 2f,1, Pbag,1 = Pb,1 + 2Pf,1,
bag,2 = 2f,2, Pbag,2 = 2Pf,2. (19)
Once we get the pressure, the entropy density is given
by the partial derivative of the pressure with respect to the
temperature T , i.e. sbag = ∂Pbag/∂T . Hence we obtain,
sbag = 4Pbag,1T
3 + 2Pbag,2m
2T. (20)
It has been verified that in absence of the baryonic chemi-
cal potential, the pressure, energy density and the entropy
density obey the following relationship,
bag + Pbag = Tsbag. (21)
2.2.4 Equations of state
In order to find out the equations of state, we express the
pressure P and the entropy density s as functions of the
energy density . We solve Eq. (13) for the temperature
T in terms of the bag model energy density bag, and put
the solution in Eqs. (14), and (20) to express Pbag, and
sbag as functions of bag. Solving Eq. (13) for a real and
positive value of T and denoting the solution with Tsol we
obtain,
Tsol =
(−m2bag,2 +R(bag)
2bag,2
) 1
2
, (22)
where R(bag) =
√
m42bag,2 + 4bag,1(bag − B). The ex-
pressions of Pbag(bag) and sbag(bag) are given by,
Pbag = −B + Pbag,1
(−m2bag,2 +R(bag)
2bag,2
)2
+Pbag,2m
2
(−m2bag,2 +R(bag)
2bag,1
)
,
sbag = 4Pbag,1
(−m2bag,2 +R(bag)
2bag,2
) 3
2
+2Pbag,2m
2
(−m2bag,2 +R(bag)
2bag,2
) 1
2
. (23)
3 Nonlinear evolution equation of energy
density perturbation
In this section, we derive the evolution equation of en-
ergy density perturbation of the QGP system using the
well known Reductive Perturbation Theory (RPT) [48]
which helps one to deal with the perturbation which can
not be neglected with respect to the mean value. For this
procedure, we consider the two dynamical equations i.e,
the relativistic Euler’s equation (Eq. 1) and the entropy
conservation equation (Eq. 2). We expand the dependent
variables in terms of a perturbation parameter σ following
the RPT. Finally combining Eqs. (1) and (2) and solving
the system of equations order by order we arrive at the
space-time evolution of a perturbation of the energy den-
sity in quark-gluon plasma. Now, we put Pbag(bag), and
sbag(bag) in Eqs. (1) and (2) and in the resulting equa-
tions express (bag−B) in terms of temperature using Eq.
(13). Hence we obtain,
∂v
∂t
+ v
∂v
∂x
+ E1(1− v2)
(
∂bag
∂x
+ v
∂bag
∂t
)
= 0 (24)
C1(1− v2)
(
v
∂bag
∂x
+
∂bag
∂t
)
+ C2
(
∂v
∂x
+ v
∂v
∂t
)
= 0,
(25)
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where E1, C1 and C2 are given by,
C1 = m2bag,2 + 2T 2bag,1 (26)
C2 =
(
m2bag,2 +
2
3
bag,1T
2
)
× (4T 4bag,1 + 2m2T 2bag,2) (27)
E1 =
(
m2bag,2 +
2
3bag,1T
2
)
(m2bag,2 + 2T 2bag,1)
(
4
3T
4bag,1 + 2m2T 2bag,2
) .
(28)
Now we express Eqs. (24), and (25) in terms of the
following dimensionless variables:
ˆ =
bag
0
, vˆ =
v
cs
, (29)
where 0 is a reference energy density, and cs is the velocity
of sound. We express ˆ and vˆ in terms of a small parameter
σ following RPT as,
ˆ = 1 + σ1 + σ
22 +O(σ3)
vˆ = σv1 + σ
2v2 +O(σ3). (30)
We also change the independent variables from (x, t) to
(ξ, τ) which are related by,
ξ = σ
1
2
(x− cst)
R
, τ = σ
3
2
cst
R
, (31)
where R is the characteristic length scale of the problem.
The stretched coordinates used in Eq. (31) is a part of
the ‘reductive perturbation technique’ (RPT) where the
small parameter σ signifies the smallness of the perturbed
quantities relative to the corresponding equilibrium quan-
tities. Eq. (31) involves two time scales in order to explain
fast dynamics at the linear limit and slower dynamics oc-
curring at the nonlinear level. This means, at short time
scale (at the lowest limit of σ) the perturbation obeys lin-
ear equation and travels with velocity cs. Over a longer
time scale, the wave form is influenced by nonlinearity
giving rise to the breaking wave structure. The particular
scaling with σ used in Eq. (31) comes from the idea of two
time scales for long waves. The scaling must satisfy the re-
quired invariance and compatibility condition as discussed
in [49,50] in order to keep the perturbation scheme valid.
A similar scaling is also used in [17] for studying nonlinear
waves in cold and hot QGP.
Using the expansion (30) in Eqs. (24) and (25) and
equating the coefficients of different powers of σ to zero,
we get the system of differential equations for the pertur-
bations.
3.1 Calculation at O(σ)
At the lowest order, i.e at O(σ) of Eqs. (24), (25), we get
the following relations,
c2s
∂v1
∂ξ
= 0E1 ∂1
∂ξ
, C2 ∂v1
∂ξ
= 0C1 ∂1
∂ξ
. (32)
Solving (32) we can determine the speed of sound cs
as,
c2s =
C2E1
C1 . (33)
3.2 Calculation at O(σ2)
At the next order i.e, at O(σ2) we get the nonlinear evolu-
tion equation for the energy density perturbation 1. Using
the relations between v1 and 1 from Eq. (32) and Eq. (33)
we finally get,
∂1
∂τ
+
20bag,11
3m42bag,2 + 8m
2T 2bag,1bag,2 + 4T 42bag,1
∂1
∂ξ
= 0,
(34)
which is the main result of our work which estimates the
evolution of the first order energy density perturbation.
Coming back to the x-t space, we get,
∂ˆ1
∂t
+ cs
∂ˆ1
∂x
+
2cs0bag,1ˆ1
3m42bag,2 + 8m
2T 2bag,1bag,2 + 4T 42bag,1
∂ˆ1
∂x
= 0,
(35)
where ˆ1 = σ1 is the first order perturbation term in
scaled energy density. This differential equation is similar
to the form obtained in Ref. [17], differing only in the
coefficient of the last non-linear term. For a constant T =
Tcon, the equation (35) turns to be of the form of inviscid
Burger’s equation [51] the details of which is discussed in
the next section. If we put, m = 0, bag,2 = 0, and bag,1 =
37pi2/30, as used in Ref. [17] for the Boltzmann-Gibbs
statistics of massless fermions and bosons, we exactly get
back the equation derived in there.
3.3 Breaking wave solutions
For a constant T = Tcon, the coefficient of the nonlinear
term of Eq. (34) can be written as,
Bc =
20bag,1
3m42bag,2 + 8m
2T 2conbag,1bag,2 + 4T
4
con
2
bag,1
.
(36)
Hence Eq. (34) becomes,
∂1
∂τ
+Bc1
∂1
∂ξ
= 0, (37)
which is nothing but the inviscid Burgers equation [51].
For a linear initial condition, S. Chandrasekhar found the
explicit exact solution [52] of (37) as,
1(ξ, τ) =
1
Bc
(
aξ + b
aτ + 1
)
, (38)
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where a, b are arbitrary free parameters. Explicit solutions
of Eq. (37) for other relevant initial conditions are not
known as far as our knowledge goes. In the x-t frame the
form of the exact solution (38) becomes,
1(x, t) =
1
Bc
(
aσ
1
2 (x− cst) + bR
aσ
3
2 cst+R
)
, (39)
where σ,R are the small parameter and characteristic length
of the system respectively ( defined in the previous sec-
tion) and cs is given by Eq. (33). The solution (39) behaves
as a breaking wave the energy of which dissipates quickly
with distance unlike solitons.
For a more general initial condition, the solution of
∂u(x, t)
∂t
+ f(u)
∂u(x, t)
∂x
= 0, (40)
is given by u (χ ≡ x− f(u)t) [53]. Assuming an initial (t =
0) energy perturbation distribution of
ˆ1(x) = A Sech
2
( x
B
)
, (41)
the solution of Eq. (35) can be written as,
ˆ1(χ) = A Sech
2
( χ
B
)
, (42)
where
χ = x− cs(1 +Bcˆ1(χ))t (43)
4 Results and discussion
For a fixed value of the reference energy density (0 = 0.16
GeV fm−3) and mass m = 10 MeV (which is of the order
of the down quark mass), the final solution depends on the
amplitude A of the initial wave, its width B, the Tsallis
entropic parameter q, and the Tsallis temperature T .
In Fig. (1), we plot the solutions of Eq. (35) on the
x-t plane. For the sake of a better understanding, we
present Fig. (2) which displays a two-dimensional version
of Fig. (1). For both Figs. (1) and (2), A = 2.5, B = 0.5
fm, q = 1.08, and T = 140 MeV. It is observed from
Fig. (2) that at around t = 10 fm, the solutions start
becoming multiple-valued functions thereby implying the
breaking of the waves.
The solutions, however, depend on the width and the
amplitude of the waves as well. It is apparent from Fig. (3),
that beyond A = 1 (when t = 15 fm, B = 0.5 fm,
q = 1.08, and T = 140 MeV), the solutions start becoming
multiple-valued. This means, the more the amplitude of
the initial energy density perturbation is, the more it be-
comes prone to be a breaking wave. On the other hand, a
narrower initial energy density perturbation is more likely
to give rise to a breaking wave solution (as seen in Fig. 4).
The temperature T , and the Tsallis parameter q also
influence the solutions so that moving from a lower to
a higher temperature value makes functions single-valued.
Hence, the lower the Tsallis temperature is, the more likely
it is to get a breaking wave solution (as seen in Fig. 5,
where t = 15 fm, A = 2.5, B = 0.5 fm, and q = 1.08).
Similarly, a lower value of the q parameter indicates a
higher likelihood of obtaining breaking waves (as seen in
Fig. 6, where t = 15 fm, A = 2.5, B = 0.5 fm, and
T = 140 MeV).
5 Summary and Conclusions
In summary, we have studied the evolution of the first
order energy density perturbation in hot, ideal, and non-
extensive quark-gluon plasma. To take into account the
fluctuating ambiance, we have used a non-extensive ver-
sion of the MIT bag model and find a breaking wave solu-
tion. However, we observe that the breaking of the energy
density perturbation is influenced by the temperature and
the Tsallis q parameter which according to Ref. [31] is re-
lated to the relative variance in a scale variable i.e. tem-
perature. We observe that the breaking is favoured by de-
creasing values of both temperature and the q parameter.
This may have implications in the LHC phenomenology
as the quark-gluon plasma medium formed in this region
may have higher initial temperature and q value in com-
parison with that formed at the experiments having lower
beam energies. So, the resulting wave may behave as a
stable one even after a long time.
We have also verified that the at a particular instant a
wave with higher amplitude and a smaller width is more
prone to breaking which is intuitively understandable. Dur-
ing the analysis we have also provided the closed analyti-
cal formulae for the Tsallis thermodynamic variables of an
ideal gas of massless bosons and very light fermions. This
can be seen as an extension of an earlier work for the clas-
sical Tsallis distribution by one of us [54]. These results
can be used in the studies pertaining to the thermody-
namics of quantum Tsallis gases. However, an unapproxi-
mated expression for the thermodynamic variables may be
used in the future studies to examine whether that affects
the present conclusions. In addition to that, the present
work relies on some simplifications like one-dimensional
expansion. An extension of the present work considering
expansion in higher dimensions should be done. Within
the domain of the Boltzmann-Gibbs statistics, whether
one obtains a breaking wave or a localized wave depends
on the equation of state. For example, in [18] an equation
of state inspired by the mean field QCD model resulted
in the Korteveg-de Vries (KdV) soliton. But, no similar
study has been reported in the field of the Tsallis statis-
tics. It will also be interesting to explore this problem .
We reserve these studies for future.
T. B. acknowledges partial support from the joint projects be-
tween the JINR and IFIN-HH. The authors acknowledge Prof.
Jan-e Alam and Mr. M. Rahman for fruitful discussions.
T. Bhattacharyya and A. Mukherjee: Propagation of non-linear waves in QGP 7
Fig. 1. Evolution of the energy density perturba-
tion with time t and space coordinate x. A = 2.5,
B = 0.5 fm, q = 1.08, and T = 140 MeV.
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Fig. 2. Solutions of Fig. 1 at different times on a two-
dimensional plot. A = 2.5, B = 0.5 fm, q = 1.08, and
T = 140 MeV.
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Fig. 3. Solutions at t = 15 fm for different amplitudes of
the initial wave. B = 0.5 fm, q = 1.08, and T = 140 MeV.
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Fig. 4. Solutions at t = 15 fm for different widths of the
initial wave. A = 0.5, q = 1.08, and T = 140 MeV.
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Fig. 5. Solutions at t = 15 fm for different Tsallis tem-
perature values. A = 2.5, B = 0.5 fm, and q = 1.08.
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Fig. 6. Solutions at t = 15 fm for different Tsallis param-
eter values. A = 2.5, B = 0.5 fm, and T = 140 MeV.
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Appendix
A Pressure for the massless case
The pressure of a gas of massless fermions is given by,
P =
g
6pi2
∫ ∞
0
dp
p3[(
1 + (q − 1) pT
) q
q−1 + 1
] . (44)
The Tsallis Fermi-Dirac single particle distribution is now
expressed in terms of the summation of an infinite series
involving different powers of the Tsallis Maxwell-Boltzmann
distributions. Now, swapping the integral and the summa-
tion we obtain the following expression for the pressure,
P =
g
6pi2
∞∑
s=1
(−1)s+1
∫ ∞
0
dp
p3(
1 + (q − 1) pT
) sq
q−1
.
=
gT 4
6pi2
∞∑
s=1
(−1)s+1
Γ
[
sq
q−1 − 4
]
(q − 1)4Γ
[
sq
q−1
]
=
gT 4
6pi2(q − 1)3q
[
3Φ
(
−1, 1, 2
q
− 1
)
−3Φ
(
−1, 1, 3
q
− 2
)
+ Φ
(
−1, 1, 4
q
− 3
)
−Φ
(
−1, 1, 1
q
)]
, (45)
which is the first (massless) term of Eq. (12). For the
massless bosons, the factor (−1)s+1 does not arise, and
the summation yields Eq. (10). Energy density can be ob-
tained in a similar way, too.
B Pressure for the massive case: up to
O(m2T 2)
The pressure of a gas of massive fermions is given by,
P =
g
6pi2
∫ ∞
0
dp
p4(p2 +m2)−
1
2[(
1 + (q − 1)
√
p2+m2
T
) q
q−1
+ 1
] (46)
To find out the pressure of a gas of massive fermions up
to O(m2T 2), we first expand the integrand in Eq. (46) in
a series of mass m, and retain only the O(m2T 2) term.
Hence, the pressure can be approximated as,
P ≈ P (0) + P (2), (47)
where P (0) is the massless term and P (2) is the O(m2T 2)
term. P (0) can be evaluated using the steps detailed in the
previous section. When P is expanded in a series, P (2) is
given by,
P (2) =
gm2
12pi2
∫ ∞
0
dp
− p(
p(q−1)
T + 1
) q
q−1
+ 1
−
p2q
(
p(q−1)
T + 1
) q
q−1−1
T
[(
p(q−1)
T + 1
) q
q−1
+ 1
]2
 . (48)
The first term on the r.h.s of Eq. (48) contains a single
power of the Tsallis Fermi-Dirac distribution and can be
evaluated following the steps detailed in the previous sec-
tion.
The second term, which contains a square of the Tsallis
distribution, can be expressed in terms of a partial deriva-
tive of the Tsallis distribution with respect to momentum
p. Then carrying out the integration by parts, one may be
able to express it in terms of a single power of the Tsal-
lis distribution. Afterwards, following the steps already
discussed, one may arrive at the expression given by the
second term in Eq. (12).
References
1. M. Gyulassy and T. Matsui, Phys. Rev. D 29, 419 (1984).
2. Y. Akase et al., Prog. Theor. Phys. 85, 305 (1991).
3. L. P. Csernai et al., Acta Phys. Hung. A 17, 271 (2003).
4. H. Song and U. W. Heinz, J. Phys. G 36, 064033 (2009).
5. D. A. Teaney, “Viscous Hydrodynamics and the Quark
Gluon Plasma” in
Quark Gluon Plasma 4, edited by R. C. Hwa, and X.-N.
Wang.
6. A. K. Chaudhuri, Phys. Rev. C 82, 047901 (2010).
7. A. Jaiswal and V. Roy, Adv. High Energy Phys. 2016,
9623034 (2016).
8. M. G. Mustafa, D. Pal and D.K. Srivastava, Phys. Rev. C
57, 889 (1998).
9. G. D. Moore and D. Teaney, Phys. Rev. C 71, 064904
(2005).
10. H. van Hees, V. Greco and R. Rapp, Phys. Rev. C 73,
034913 (2006).
11. S. Mazumder, T. Bhattacharyya, J.-e. Alam, S. K. Das,
Phys. Rev. C 84, 044901 (2011).
12. P. B. Gossiaux and J. Aichelin, Phys. Rev. C 78, 014904
(2008).
13. S. K. Das, F. Scardina, S. Plumari and V. Greco, Phys.
Rev. C 90, 044901(2014).
14. J. Uphoff, O. Fochler, Z. Xu and C. Greiner, Phys. Lett.
B 717, 430 (2012).
15. G. Sarwar and J.-e. Alam, Int. J. Mod. Phys. A 33, no.
08, 1850040 (2018).
16. G. N. Fowler, S. Raha, N. Stelte, and R.M. Weiner, Phys.
Lett. B 115, 286 (1982).
17. D. A. Fogac¸a, L. G. Ferreira Filho, and F. S. Navarra,
Phys. Rev. C 81, 055211 (2010).
18. D. A. Fogac¸a, F. S. Navarra and L. G. Ferreira Filho, Phys.
Rev. D 84, 054011 (2010).
T. Bhattacharyya and A. Mukherjee: Propagation of non-linear waves in QGP 9
19. D. A. Fogac¸a, and F. S. Navarra, Phys. Lett. B 700, 236
(2011).
20. D. A. Fogac¸a, F. S. Navarra and L. G. Ferreira Filho, Nucl.
Phys. A 887, 22 (2012).
21. V. Khachatryan et al. (CMS collaboration), Phys. Rev.
Lett. 105, 022002 (2010).
22. S. Acharya et al. (ALICE collaboration), Phys. Rev. C 97,
024615 (2018).
23. T. S. Biro´, G. Purcsel, K. U¨rmo¨ssy, Eur. Phys. J. A 40
325 (2009).
24. J. Cleymans et al., Phys. Lett. B 723 351 (2013).
25. L. Marques, J. Cleymans, and A. Deppman, Phys. Rev. D
91, 054025 (2015).
26. T. Bhattacharyya et al., Eur. Phys. J. A 52 30 (2016).
27. S. Tripathy et al., Eur. Phys. J. A 52, no. 9 289 (2016).
28. S. Grigoryan, Phys. Rev. D 95 056021 (2017).
29. T. Bhattacharyya et al., J. Phys. G 45, no. 5, 055001
(2018).
30. M. D. Azmi, T. Bhattacharyya, J. Cleymans and
M. Paradza, J. Phys. G 47, 045001 (2020)
31. G. Wilk, and Z. W lodarczyk, Phys. Rev. Lett. 84 2770
(2000).
32. G. Wilk, and Z. W lodarczyk 13 581 (2001).
33. G. Wilk, and Z. W lodarczyk, Phys. Rev. C 79 054903
(2009).
34. T.S. Biro´, and A. Jakova´c, Phys. Rev. Lett. 94 132302
(2005).
35. S. Basu, R. Chatterjee, B. K. Nandi and T. K. Nayak, AIP
Conf. Proc. 1701, no. 1, 060004 (2016).
36. A. Lavagno, D. Pigato, and P. Quarati, J. Phys. G: Nuclear
and Particle Physics 37, 11 (2010).
37. P. H. G. Cardoso, T. N. da Silva, A. Deppman and D. P.
Menezes, Eur. Phys. J. A 53, 191 (2017).
38. S. Weinberg, Gravitation and Cosmology (Wiley, New
York, 1972).
39. L. Landau and E. Lifshitz, Fluid Mechanics (Pergamon
Press, Oxford, 1987).
40. H. Hasegawa, Phys. Rev. E 80 011126 (2009).
41. C Tsallis, J. Stat. Phys. 52, 479 (1988).
42. P. T. Landsberg, J. Stat. Phys. 35, 159 (1984).
43. C Tsallis, Introduction to non extensive statistical mechan-
ics (Springer Science+Business Media, 2009).
44. A. S. Parvan and T. Bhattacharyya, Eur. Phys. Jour. A
56, 72 (2020).
45. A. Chodos et al., Phys. Rev. D 9, 3471 (1974).
46. R. D. Pisarski, Phys. Rev. D 74, 121703 (2006).
47. A. Erde´lyi, W. Magnus, F. Oberhettinger and F. G. Tri-
comi, Higher Transcendental Functions, Vol. 1 (New York:
Krieger, 1981). See §1.7 for digamma function and §1.11 for
Lerch’s transcendent.
48. R. A. Kraenkel, M. A. Manna, J. C. Montero and J. G.
Pereira, arXiv: patt-sol/9509003.
49. R. A. Kraenkel and J. G. Pereira, Acta Applicandae Math-
ematicae 39, 389 (1995).
50. T. Taniuti, Supplement of the Progress of Theoretical
Physics, No. 55 (1974).
51. J. M. Burgers, Adv. App. Mech. 1, 171 (1948).
52. S. Chandrasekhar, Ballistic Research Laboratory Report
423 (1943).
53. P. G. Drazin and R. S. Johnson, Soliton: an introduction
(Cambridge University Press, New York, 1989).
54. T. Bhattacharyya, J. Cleymans and S. Mogliacci, Phys.
Rev. D 94, 094026 (2018).
